External injection of electron bunches longer than the plasma wavelength in a laser wakefield accelerator can lead to the generation of femtosecond ultrarelativistic bunches with a couple of percent energy spread. Extensive study has been done on external electron bunch (e.g. one generated by a photo-cathode rf linac) injection in a laser wakefield for different configurations. In this paper we investigate a new way of external injection where the electron bunch is injected at a small angle into the wakefield. This way one can avoid the ponderomotive scattering as well as the vacuum-plasma transition region, which tend to destroy the injected bunch. In our simulations, the effect of the laser pulse dynamics is also taken into account. It is shown that injection at an angle can provide compressed and accelerated electron bunches with less than 2% energy spread. Another advantage of this scheme is that it has less stringent requirements in terms of the size of the injected bunch and there is the potential to trap more charge.
I. INTRODUCTION
FIG. 1 Schematic drawing of injection at an angle into a laser wakefield. An electron bunch with velocity v b is injected into a laser wakefield with a small angle α with respect to the laser propagation axis.
II. ELECTRON BUNCH INJECTION AT AN ANGLE
In this section the working principal of injection of electron bunches at an angle is explained. A schematic drawing of the injection scheme is shown in figure 1 . A low-energy electron bunch with typically a few MeV kinetic energy is generated by an rf photocathode linac and injected at a small angle, α, directly behind a high-intensity laser pulse in a plasma with some offset relative to the propagation axis. This means that the electron bunch enters the wakefield from the transverse direction. It is preferable to inject the bunch into the wakefield close to the laser pulse because, here, the accelerating field is the largest and generates bunches with the highest quality, as was shown in . The velocity of the electron bunch (v b ) is lower than the group velocity of the laser pulse (v g ), which means that the electron bunch slips backward in the frame moving with the pulse. The dotted line in figure 1 indicates the trajectory the bunch will follow in that frame. When the longitudinally accelerating and transversely focusing forces of the generated wakefield are sufficiently strong, and when also other parameters are suitably chosen, a large fraction of the injected bunch might be trapped, compressed and accelerated in the wakefield. In we proposed this method as a way to avoid ponderomotive scattering and the vacuum-plasma density transition as described above and we showed that the dynamics of injection at an angle look much like the dynamics of injection in front of the laser pulse (Khachatryan, 2002; Khachatryan et al., 2004 Khachatryan et al., , 2006 . In both cases the injected electrons move gradually into the wakefield. In contrast, electrons injected on-axis behind the laser pulse suddenly experience a wakefield of which the strength depends on the injection phase .
Besides avoiding ponderomotive scattering and the vacuum-plasma transition, which could also been done by injecting the electron bunch on-axis in front of the laser pulse, we show that there are additional advantages that make injection at an angle interesting. It is, for example, possible to use electron bunches of wider transverse size, which allows one to trap bunches with a higher charge in the wakefield. The longitudinal length of the electron bunch is not a critical issue, when a low energy spread is to be obtained. The injected bunch, from an rf linac, is typically a few times longer than the plasma wavelength λ p (Irman et al., 2007; Urbanus et al., 2006) . Even longer injected bunches may provide low energy spread in the accelerated bunches with this injection scheme. This gives several compressed and accelerated bunches in the wakefield, separated by the distance λ p . The trapping distance, an important quantity that determines the final energy spread of the bunch, can be made relatively small (∼ 1 mm ) by choosing larger angles. The wakefield should however be sufficiently strong to be able to also transversely trap electrons which are injected at larger angles.
III. LASER PULSE DYNAMICS
In this section we will investigate the dynamics of the laser pulse, while it moves through a typical plasma channel. In our calculations we use a linearly polarized axially-symmetrical Gaussian laser pulse with the normalized amplitude, et al., 1996) , described as:
where a 0 is the normalized peak amplitude, σ is the length of the pulse, v g is the group velocity of the pulse and z and r are the cylindrical coordinates. The laser pulse has initially a temporal full-width-at-half-maximum (FWHM) duration for the intensity of 50 fs (corresponding to σ = 12.7 µm) and is focused to a waist spotsize, w 0 , of 30 µm. The Rayleigh length, Z R = πw 2 0 /λ L , for such a pulse, with a wavelength (λ L ) of 800 nm, is 3.5 mm. A plasma channel is used to prevent diffraction of the pulse, so that it can be guided over several centimeters. We take a typical plasma density of 7 × 10 17 cm −3 , which corresponds to a plasma wavelength (λ p ) of 40 µm. Depending on the chosen peak amplitude, the peak power of the pulse is
In comparison, the critical power for relativistic self-focusing is given by (Esarey et al., 1997),
In this article we will restrict to weakly relativistic pulses with a normalized peak amplitude, a 0 , of 0.6 and 0.8. The power corresponding to these pulses is, respectively, 10.9 TW and 19.3 TW, which is well below the critical power for self-focusing. However, the dynamics of the laser pulse can still play an important role when the pulse has to travel several centimeters through a preformed plasma density channel. The plasma channel is assumed to be created by a capillary discharge which generates a parabolic electron density (n p ) profile of the form (Esarey et al., 1997)
where k p = 2π/λ p is the plasma wavenumber and r ch is the channel radius. A Gaussian laser pulse of nonrelativistic intensity (a 2 0 ≪ 1) and low peak power (P ≪ P c ) is guided in such a plasma channel with constant radius w 0 , if w 0 is matched to the channel, which means that r ch = w 0 . Without such matching, the spot size of the pulse will oscillate during propagation. When the power of the laser pulse is of the order of the critical power, which is considered in this article, the refractive index becomes a function of intensity through the gamma-factor of the plasma electrons, which leads to self-focusing (Esarey et al., 1997) . On the other hand, also the plasma wave generated by the laser pulse has a focusing and defocusing effect on the pulse. The front of the pulse, where the electron density has increased, experiences a weakening of the total focusing, while the back of the pulse, where the density has decreased, experiences an enhancement of the total focusing (Esarey et al., 1997) . In this case, self-focusing and plasma wave guiding would cause the pulse radius to oscillate even when initially matched to the channel. As a result, also the peak intensity of the pulse and the peak amplitude of the generated wakefield would change upon propagation. This would lead to a larger energy spread in the trapped electron bunch, as is shown below. Therefore it is desirable that the named oscillations are as small as possible. We found that this can be obtained by choosing the channel radius larger than required from the matching condition, r ch = w 0 , such that self-focusing is compensated with a reduced focusing (guiding) effect of the channel.
We calculated the dynamics for laser pulses with a 0 = 0.6 and a 0 = 0.8 and the formed wakefields with the fully relativistic particle code WAKE (Antonsen and Mora, 1992; Mora and Antonsen, 1996) . The normalized peak intensity, as function of the propagation distance, is plotted in figure 2. The grey lines represent the case of a matched channel radius and the black lines represent the case of a channel with a somewhat larger (optimized) radius. One can see that for a channel with a larger radius than for exact matching, the amplitude of the oscillations in laser intensity are essentially smaller. We found that even wider channels had increased the oscillations again. As expected, the oscillations become stronger when the peak intensity is increased and the power comes closer to the critical power.
In the region of the laser pulse, the plasma density and so also the refractive index is varying, which causes an additional temporal deformation of the pulse (Gordon et al., 2003) . Specifically, the laser pulse is compressed and its peak intensity is increasing due to the group velocity dispersion. This pulse compression is responsible for the gradual increase of the peak intensity as can be seen in figure 2, and for longer propagation distances, the intensity increase is stronger. A drawback of pulse shortening on the wakefield is that it decreases the dephasing length. The laser pulse slips backwards, which causes also the wakefield to slip backwards, such that the maximum energy of an accelerated electron bunch, which can be potentially obtained, decreases.
Another effect which needs to be considered, and which was observed in the calculations, is that, during propagation of the laser pulse through the plasma, the pulse loses some of its energy, due to the generation of the wakefield. We observed that, for a 0 = 0.6, this loss amounts to about 4% after 6 cm of propagation through the plasma channel. For a 0 = 0.8 we found a loss of about 10% over the same propagation distance. The maximum laser pulse intensity Imax, normalized to its initial value I0 as function of the propagation distance of the laser pulse through the plasma channel.
IV. EFFECT OF LASER PULSE DYNAMICS ON INJECTION AT AN ANGLE
In this section we will investigate the dynamics of an electron bunch injected at an angle. Here we also include the full dynamics of the laser pulse. We consider wakefields generated by the laser pulses with the parameters chosen in the previous section. The dynamics of the electrons are calculated from the equation of motion with our particle tracer code. The electrons are trapped in the accelerating phases of the laser wakefield, while the focusing component of the wakefield transversely traps the electrons near the wakefield axis, where the accelerating field is at maximum. When an electron is injected into a laser wakefield, there is a minimum energy for the electron below which it cannot be trapped (see e.g. (Khachatryan, 2002; Khachatryan et al., 2004 ). We calculated the minimum trapping energy for the second accelerating region of the wakefield. The second accelerating region was chosen, because electrons injected at small angles can still be trapped here without going through the laser pulse which, essentially, forms a combination of injection at an angle and injection in front of the laser pulse. The same parameters as in the previous section were chosen for the laser pulse and the plasma channel. The calculation has been done for three different normalized peak amplitudes, namely a 0 = 0.6, a 0 = 0.8 and a 0 = 1.0, and r ch = w 0 = 30 µm. For this set of calculations, the laser pulse dynamics was not taken into account, because the trapping time for an electron is much shorter than the typical time on which the laser pulse evolves. However, trapping of an electron bunch takes place during a time period on which laser dynamics may play an important role, as we will see below. The minimum trapping energy is plotted as function of the injection angle in figure 3. One can see that the minimum trapping energy decreases when the laser pulse amplitude is increased i.e., a stronger field allows the trapping of less energetic electrons. One also sees that the minimum trapping energy decreases for larger angles. However, for a 0 = 0.6 the minimum trapping energy increases again when the angle becomes larger than 5 degrees and a weak increase is seen also for a 0 = 0.8 beyond 8 degrees. Because the injected electrons are slower than the laser pulse, they will slip backwards relative to the wakefield. If the injection angle is too small, the electrons will approach only slowly the wakefield axis while slipping backwards and this slow approach increases the chance to be scattered away from the wakefield in the defocusing region. Therefore, for a given laser wakefield and injection energy, there is a minimum injection angle for trapping. For larger injection angles the transverse momentum of the electrons is also larger and the faster approach to the axis avoids much of this scattering. However, beyond some angle the transverse momentum becomes too large for a transverse trapping and the electrons will just pass through the wakefield and cannot be trapped longitudinally and accelerated. Therefore, there is also a maximum injection angle for trapping. That an electron requires a minimum longitudinal momentum to be trapped in the wakefield can explain the increase in minimum trapping energy for a normalized amplitude of a 0 = 0.6 and a 0 = 0.8 when the angle becomes large. A larger angle for the same injection energy means that the transverse momentum increases and the longitudinal momentum decreases. To compensate for the decrease in longitudinal momentum the injection energy has to be increased, which explains why at a certain angle the minimum trapping energy increases again.
For the calculations of the dynamics of an electron bunch we use a bunch with a Gaussian density distribution in both longitudinal (z) and transverse (x and y) directions. The bunch has a full-width-at-half-maximum (FWHM) duration of 250 fs (75 µm). The FWHM size of the bunch is 67 µm in both transverse directions. The parameters of the bunch are chosen in such a way that its center would move through the wakefield axis at about 120 µm behind the laser pulse. In this case electrons can be trapped simultaneously in the first, second, third and fourth accelerating regions in the wakefield. The bunch dynamics is calculated for several injection positions in the plasma channel. The longitudinal injection position of the bunch in the plasma channel is defined as the distance from the channel entrance, at which the edge of the bunch enters the wakefield. More specifically, where the bunch center is positioned at a distance 2σ b + w 0 from the wakefield axis, where σ b is the rms bunch radius. As we saw in section III, the laser pulse dynamics makes the wakefield change as function of injection position. This means that an electron bunch entering the wakefield at a different laser propagation distance in the channel (see section III) will experience a different wakefield.
In the following, we present the results of our calculations of the electron dynamics in the wakefield with the parameters described in section III. A typical example of the behaviour of the mean energy and rms relative energy spread as function of the propagation distance for an electron bunch injected at an angle is shown in figure 4 . Here a bunch with a kinetic energy of 2.6 MeV is injected at an angle of 4 degrees at 1 cm from the entrance of the plasma channel into the wakefield described in section III with a 0 = 0.8. We notice that in this case maximum energy and minimum energy spread (2.4%) do not coincide. In the rest of this section we will vary several parameters of the problem and focus on the behaviour of the collection efficiency and minimum relative energy spread.
First, we present the results obtained with the initial normalized amplitude of the laser pulse being a 0 = 0.6, with the plasma channel radius set to a value of 32 µm, which is a bit larger than the matched radius. The length of the plasma channel is chosen in such a way that the accelerated electron bunch has minimum relative energy spread, which turns out to occur typically between 5 and 7 cm propagation. The collection efficiency and minimum rms relative energy spread are plotted as function of the injection position (that is for different laser propagation distances, see figure 2) for several different injection energies and for angles of 2, 4 and 6 degrees in figure 5 to 7. One can see that the laser pulse dynamics plays an important role, because the energy spread and also the collection efficiency depend on the injection position. Specifically, the relative energy spread oscillates as function of the injection position. The explanation of this is based on the intensity oscillations described in section III. For an injection position where the gradient of the laser peak intensity (see figure 2) is low, one obtains a low energy spread while, for injection positions with a high gradient of the peak intensity, the energy spread becomes larger. The phase of the wakefield, where an electron is trapped, depends particularly on the wakefield amplitude , which is given by the peak intensity and duration of the laser pulse. If the strength of the wakefield changes while the bunch is being trapped, the electrons are trapped at different phases in the wakefield, which leads to a larger energy spread compared to the case of no laser dynamics. Correspondingly, for a low energy spread, either the laser pulse dynamics should be kept weak while the electron bunch is trapped, or the trapping time should be kept small. It can be seen that the collection efficiency also depends in some similar, oscillating manner on the position in the plasma channel where the electron bunch is injected. The explanation is that at positions where the laser intensity is higher, a stronger wakefield is generated, which can trap more electrons.
The collection efficiency is maximum for an injection energy that is not too high, but also not too low, depending on the injection angle. For too low injection energies electrons cannot be trapped because their initial energy is below the minimum trapping energy, and for too large injection energies the transverse momentum of the electrons is too large for trapping by the transverse focusing forces. So, for an optimum collection efficiency the injection energy should not be too small, but also not too large.
The figures show that a lower energy spread is obtained for lower injection energies and that a larger injection angle can also give a lower energy spread. We observed that the trapping distance for an electron bunch, which is defined as the distance travelled by the laser pulse from the point where the first electron is trapped to the point where the last electron is trapped, decreases for larger injection angles. This explains the lower energy spread for injection with a larger angle, because the longer it takes to trap the bunch the larger the energy spread becomes (Khachatryan et al., 2004) . On the other hand, lower injection energies and larger angles decrease the collection efficiency because there are less positions where electrons can be trapped. Thus, a compromise has to be made between collection efficiency and energy spread. For example an angle of 4 degrees, an injection energy of 2.6 MeV and an injection position of 1 cm gives a relatively low energy spread of approximately 1.6% and a reasonably high collection efficiency of 20%.
The rms transverse size of the accelerated bunches is lying in a range of 1.5 to 3 µm for α = 2 • , 1.5 to 5 µm for • . The curves are shown for kinetic injection energies of 2.6, 4.6 and 6.6 MeV. α = 4
• and 1.5 to 6 µm for α = 6
• . For all angles, the final energy is in the range between 300 and 500 MeV, where the final energy grows monotonically with decreasing injection energy.
A second calculation has been done with the same parameters as above, but now with the higher laser pulse intensity, namely for a 0 = 0.8 and a plasma channel radius of 34 µm. The results are plotted in figures 8 to 10, where we show again the collection efficiency and energy spread for different injection energies and for injection angles of 2, 4 and 6 degrees. In general, because the wakefield in this case is stronger than in the previous case, it can be seen that more electrons can be trapped for the same injection energy. What can also be noticed is that the minimum trapping energy is lower than in the previous case (with a 0 = 0.6), which means that electrons even with a rather low initial kinetic energy of 1.5 MeV can be trapped.
Qualitatively, one can observe the same behavior as in the previous case, however because the dynamics of the laser pulse is stronger, some differences can be seen. The variations in the collection efficiency and the energy spread are larger, which makes it even more important to inject at an optimum position in the plasma channel. But then, e.g. by choosing the right angle, injection energy and injection position, one can obtain accelerated bunches with less than 2% energy spread and a good collection efficiency of 20 to 30%.
A clear difference to the previous case (a 0 = 0.6) is the behavior of the energy spread for an injection angle of 2 degrees (figure 8) and an injection energy of 1.5 MeV as compared to the other angles and injection energies. We found that this is caused by a combination of injection in front of the laser pulse and injection at an angle. Electrons are trapped about 120 µm behind the laser pulse and because the injection energy is low and the angle is small, part • . The curves are shown for kinetic injection energies of 1.5, 2.6, 4.6 and 6.6 MeV.
of the bunch goes through the laser pulse in the plasma.
The energy of the accelerated bunches with a 0 = 0.8 is generally higher than with a 0 = 0.6, values between 500 and 800 MeV are obtained. Also in this case, a lower final energy corresponds to a higher injection energy. The rms transverse size of the accelerated bunches is in the range of 1 to 3 µm for α = 2
• and 1 to 3.5 µm for α = 4
• and α = 6
• .
V. SUMMARY AND CONCLUSION
In this article we have studied the external injection of an electron bunch at an angle into the channel-guided laser wakefield including the dynamics of the laser pulse in the plasma channel. It turns out that the dynamics of the laser pulse has a large influence on the final energy spread of the accelerated electron bunches. Wakefields created with higher power laser pulses have stronger dynamics and the effect on the trapping and acceleration of the electrons is also stronger. However by varying the injection position, injection energy and injection angle, the energy spread can be minimized, while higher collection efficiencies can be achieved. This shows that, even when the laser pulse dynamics becomes important, micron-sized electron bunches accelerated to several hundreds of MeV's can be generated by injection at an angle. In particular minimizing the energy spread can be achieved by injecting the electron bunch at a position in the channel, where the wakefield is as constant as possible. Minimizing the trapping distance by increasing the injection angle and decreasing the injection energy can lower the energy spread even more.
The energy spread was calculated for all formed and accelerated bunches. However the energy spread for one single bunch can be considerably lower. The energy and energy spread of a bunch depends on how far behind the laser pulse it is formed. The farther from the pulse, the weaker the accelerating field and the stronger the focussing field becomes. The wakefield also gets curved (Esarey et al., 1996; Khachatryan, 1999) . The bunches that are accelerated at a greater distance from the pulse in general have a lower energy and a higher energy spread, which means that the total energy spread will increase when more bunches are formed. The injected bunch should be kept short to minimize the number of formed bunches.
We can conclude that external injection at an angle into the laser wakefield is an important alternative when the scattering of the injected bunch by a laser pulse or by the wakefield in the vacuum-plasma transition should be avoided.
